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Surface tension plays a ubiquitous role in phase transitions including condensation or evaporation
of atmospheric liquid droplets. Especially, understanding of interfacial thermodynamics of the criti-
cal nucleus of 1 nm scale is important for molecular characterization of the activation energy barrier
of nucleation. Here, we investigate surface tension of spherical nanodroplets with both molecular
dynamics and density functional theory, and find that surface tension decreases appreciably below 1
nm radius, whose analytic expression is consistently derived from the classic Tolman’s equation. In
particular, the free energy analysis of nanodroplets shows that the change of surface tension origi-
nates dominantly from the configurational energy of interfacial molecules, which is evidenced by the
increasingly disrupted hydrogen bond network as the droplet size decreases. Our result can be ap-
plied to the interface-related phenomena associated with molecular fluctuations such as biomolecule
adsorption at sub-nm scale where the macroscopic thermodynamic quantities are ill-defined.
Nucleation of nanoscale water droplets in the atmo-
spheric clouds is crucial for the control of earth cli-
mate [1, 2]. When homogeneous nucleation initiates
with the formation of water nanodroplets from the su-
persaturated vapor, there exists the thermodynamic en-
ergy barrier formed by the difference between the favor-
able volume- and unfavorable surface-energy. The bar-
rier height, which determines the nucleation rate of the
condensed phase, is governed by the surface tension of
the critical nucleus [3]. The classical nucleation theory
has employed the value of surface tension of planar in-
terface in estimating the nucleation rate and has suffered
from poor predictability, which is even orders of magni-
tude off from the experimental results of liquid droplets
such as the simple liquid and water [4–6]. Moreover, the
surface energy model with the planar tension produces
(i) inaccurate estimation of the solvation free energy of
hydrophobic molecules [7] and (ii) improper description
of the heterogeneous nucleation processes of the concave
nanodroplets formed between two hydrophilic surfaces
[8, 9]. Despite numerous theoretical [10–14] and experi-
mental [4, 8, 9] studies performed for decades, determi-
nation of surface tension of the curved interface [4, 9, 15–
19] of the nucleus is still a topic of ongoing controversies.
Therefore, quantitative and consistent study of surface
tension of the highly curved liquid-vapor interface should
be carried out for the fundamental understanding of the
nucleation phenomena.
The first attempt to describe the curvature dependence
of surface tension was made by the Tolman’s equation in
1949 [20],
γ(Rs)
γ0
=
1
1 + 2δ0/Rs
= 1− 2δ0
Rs
+O
(
1
R2s
)
, (1)
where the constants γ0 and δ0 are the surface tension
and Tolman length of the planar interface, respectively.
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Notice that δ0 is defined as the difference between two
possible definitions of the nanodroplet radius, equimo-
lar radius Re and the radius of surface of tension Rs,
when the nanodroplets become infinitely large; δ0 ≡
limRs→∞ δ(Rs) = limRs→∞ (Re −Rs). Therefore, Tol-
man’s equation provides a general description of surface
tension of nanodroplets in terms of only a ‘single’ param-
eter δ(Rs) for a given Rs. Theoretical studies suggest
that the magnitude of the constant δ0 is comparable to
the molecular diameter [15], but there are still many de-
bates concerning the magnitude and sign of δ0. Moreover,
despite substantial development of experimental meth-
ods [4, 8], there does not exist a consensus on either the
value of δ0 nor the change of surface tension at the molec-
ular scale because quantitative information of molecules
in the nanodroplets still lacks, which may behave very
differently from the planar case. Therefore, for a uni-
fied understanding of the molecular-scale surface tension
and the nanoscale liquid-vapor interface, single-molecule
study is on high demand, including the investigation of
the free energy as well as hydrogen bond (HB) networks
of individual molecules.
Here, we employ the molecular dynamics (MD) and
density functional theory (DFT) to calculate the surface
tension of liquid nanodroplet from the pressure profile
and the thermodynamic free energy. We find curvature
dependence of surface tension below 1 nm radius and de-
rive analytic expression from the classic Tolman’s equa-
tion combined with the radius-dependent Tolman length
[20]. The derived analytic expression predicts surface
tension within the error below 1%. Moreover, to de-
scribe the origin of the change of surface tension in the
nanoscale droplet, we use the statistical analysis of indi-
vidual molecules that provides the free energy of nan-
odroplets and also use the HB network analysis with
graph theory approach. They show that surface tension
is governed by the energy change of interfacial molecules,
associated with the disruption of the HB network.
Figure 1(a) summarizes the main results of our work.
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2FIG. 1. Hydrogen bond network, Tolman length and surface
tension of nanodroplets. (a) MD snapshots (top row) and
visualization of hydrogen bond (HB) networks (bottom row)
of N = 32, 96, 256 nanodroplets. The node color represents
the HB number of water molecules, NHB, from 1 (blue) to 5
(red). The average numbers of HB, NHB,avg, are given. (b)
MD and DFT simulation results (dots) of the Tolman length
δ∗ as a function of the inverse radius 1/R∗s . The lines represent
the fitting of the results with the ansatz δ∗ (R∗s ) = δ
∗
0 +δ
∗
1/R
∗
s .
The vertical dashed line corresponds to N = 96 or Rs = 0.8
nm. (c) The mutual agreement of surface tension between the
simulation results (dots) and Eq. 3 (curves) exists.
The MD snapshots of nanodroplets for N = 32, 96 and
256 water molecules (or equivalently Rs = 0.45, 0.8 and
1.2 nm) are provided in the top row. The bottom row
shows the network representations of the snapshots. The
points (nodes) and lines (edges) of the HB network corre-
spond to the water molecules and HBs, respectively. The
strength of the interaction is qualitatively represented by
the number of HB, NHB, which is reflected by the color
of the nodes. The color distributions in the networks and
the average values of the HB number, NHB,avg, demon-
strate that the overall interaction strength, which is di-
rectly related to the surface tension of nanodroplets, de-
creases considerably when Rs < 1 nm.
To study nanodroplet systems, we have performed the
MD simulation of the TIP4P/2005 water model and
the DFT calculation of the Lennard-Jones liquid (refer
to Supplementary Information for detailed information
about MD and DFT). In the MD simulation, the num-
ber of water molecules ranges from N = 32 to 512 at
T = 290 K. In DFT, we deal with nanodroplets with a
radius of R∗ = 1.77 to 30 at the temperature T ∗ = 0.53
to 0.91. We chose the smallest radius of droplet in DFT
as the lower size limit without thermal instability. In our
simulations, the reduced units are employed: r∗ = r/σ,
R∗ = R/σ, δ∗ = δ/σ, ρ∗ = ρσ3 and T ∗ = T/Tc, where
σ is the diameter of the liquid molecule and Tc is the
critical temperature of the liquid. For the TIP4P/2005
TABLE I. Tolman length and bending rigidity of nanodroplets
of MD and DFT results
T ∗ (DFT) δ∗0 δ
∗
1 k
∗
s
0.53 -0.139 0.865 -0.807
0.61 -0.147 1.082 -0.717
0.68 -0.141 1.261 -0.501
0.76 -0.165 1.965 -0.382
0.83 -0.164 2.886 -0.285
0.91 -0.155 5.040 -0.197
T (MD) δ0 δ1 ks
290 K -0.59 (A˚) 9.27 (A˚
2
) -1.34 (kBT )
water model [21], we used Tc = 641.4 K and σ = 0.3159
nm.
Let us first calculate the theoretical values of the Tol-
man length, δ∗(R∗s ) = R
∗
e − R∗s , which are presented in
Fig. 1(b) as a function of the inverse radius of the surface
of tension, 1/R∗s (definitions of R
∗
e and R
∗
s are summa-
rized in Supplementary Information). For the curvature
dependence, we have adopted (and justified later) the
ansatz in the linear form, δ∗ (R∗s ) = δ
∗
0+δ
∗
1/R
∗
s , which fits
well with the MD and DFT results[4, 22]. The resulting
numerical values of the coefficients δ∗0 and δ
∗
1 are listed
in Table I. Interestingly, at T ∗ = 0.45 (water droplet),
the sign of the Tolman length changes from negative to
positive at Rs ∼ 1.2 nm, which marks the region where
surface tension begins to decrease. Notice that the Tol-
man length we find for the planar interface of water is
δ0 = −0.59 A˚, which is consistent with the previous the-
oretical and experimental results[16, 17, 19].
Using the simulation results of δ0 and δ1 presented in
Fig. 1(b) and Table I, we now can derive the analytic
governing equation of surface tension from the rigorous
Gibbs-Tolman-Koenig-Buff (GTKB) equation [15, 23–
25],
dlnγ
dlnRs
=
2δ(Rs)
Rs
[
1 + δ(Rs)Rs +
1
3
(
δ(Rs)
Rs
)2]
1 + 2δ(Rs)Rs
[
1 + δ(Rs)Rs +
1
3
(
δ(Rs)
Rs
)2] . (2)
Here we have used the series expansion using the ansatz
δ(Rs) = δ0 + δ1/Rs and thus the resulting equation can
be written as, up to the second order of 1/Rs,
γ(Rs)
γ0
= 1− 2δ0
Rs
+
3δ20 − δ1
R2s
+O
((
1
Rs
)3)
. (3)
Equation (3) is our analytic result and is expected to be
more exact compared to Eq. (1) since the curvature de-
pendent Tolman length is considered. To demonstrate
the validity of Eq. (3), we compare it with the sur-
face tension directly calculated from MD and DFT re-
sults without the ansatz (Fig. 1(c)). The surface ten-
sion of the TIP4P/2005 water droplet is computed from
the difference between the normal and transverse pres-
sure tensors[26]. Surface tension of Lennard-Jones liquid
3droplet is calculated from the grand potential energy of
the system (refer to Supplementary Information for de-
tailed information). As shown in Fig. 1(c), Eq. (3)
predicts excellently the surface tension of nanodroplets
down to the smallest radius we consider, Rs = 0.45 nm
for water. We estimate the accuracy of Eq. (3), for ex-
ample, at T ∗ = 0.53 of Lennard-Jones droplet; Eq. (3)
shows an error within 0.5 % until the lower size limit of
nanodroplet, while the error jumps over 10 % without
the second order term (Supplementary Fig. 1). The ob-
served Tolman length and surface tension equation with
second order correction agrees well with the recent re-
sults of Rehner and Gross[14]. Our study shows that the
Tolman length approach can be applied to the hydrogen-
bond liquid with strong directional bond, and also the
second-order correction is good for describing surface ten-
sion of 1 nm nanodroplet.
Interestingly, the second-order term in Eq. (3) is
closely related to the bending rigidity[27], which is typ-
ically used as an empirical parameter to describe the
free energy of the curved membrane. The bending rigid-
ity, ks, can be related to the Tolman length as ks =
γ0(3δ
2
0 − δ1)[27]. For water nanodroplets, we find the
negative rigidity as shown in Table I, ks = −1.34kBT ,
which is comparable to the MD result [7], ks ≈ −3kBT ,
that considered the interface between hydrophobic solute
and water. Here, the negative sign of bending rigidity is
the general feature of the liquid nanodroplet of water,
Lennard-Jones liquid, and polymeric liquid [14].
Let us now elucidate the physical origin of the smaller
surface tension with respect to the planar interface from
three perspectives; (i) pressure tensor, (ii) free energy,
and (iii) HB network. First, we calculate the radial pres-
sure tensor of molecules, P (r), which comes from the sum
of kinetic pressure, ρ(r)kBT , obtained from radial density
ρ(r) and configurational pressure, −〈∆U(r)/∆V (r)〉, ob-
tained from potential energy difference induced by vol-
ume perturbation (refer to Supplementary Information
for detailed derivation). We decompose P (r) into the
transverse (PT(r)) and normal (PN(r)) profiles under the
hydrostatic equilibrium condition (∇ · ~P (r) = 0) and the
boundary condition (P (r) = 1/3PN(r) + 2/3PT(r)). At
the interface of Rs = 1.5 nm droplet (Fig. 2(a)), PT(r)
deviates from PN(r) and shows a negative minimum,
which indicates the origin of surface tension from the
imbalanced interaction of the interfacial molecules. No-
tice that the values of negative minimum (Fig. 2(b)) and
pressure imbalance (Fig. 2(c)) decrease as the droplet
radius decreases, which shows that the interaction be-
tween interfacial molecules weakens accordingly and is
responsible for the curvature dependence of surface ten-
sion. As expected, a direct comparison between surface
tension and pressure imbalance (Fig. 2(d)) evidences the
relationship between the two.
Second, we investigate the physical mechanism with
regard to interfacial thermodynamics at the molecular
level. For this purpose, we compute the energy (E), en-
tropy (S), and Helmholtz free energy (F ) of nanodroplets
FIG. 2. Pressure tensor of nanodroplets. (a) Radial pressure
(P (r), black) of Rs = 1.5 nm nanodroplet obtained from the
sum of kinetic (green) and configurational contribution (pur-
ple). P (r) is decomposed into the transverse (PT(r), red) and
normal (PN(r), blue) pressure tensor components. (b) Nor-
mal and transverse pressure profiles of droplets. The vertical
dashed lines indicate the locations of Rs. (c) Radial profiles
of pressure difference (PN(r) − PT(r)). (d) The similar be-
haviors between the maximum values of pressure difference
(black) and surface tension (red) shows that the reduced sur-
face tension originates from the pressure imbalance at the
interface.
FIG. 3. Thermodynamics of nanodroplets. Probability distri-
bution of energy ((a), (b)), entropy ((c), (d)), and Helmholtz
free energy ((e), (f)) of water molecules for nanodroplets of Rs
= 0.45 nm (N = 32) (upper row) and Rs = 1.5 nm (N = 512)
(lower row). With Rs, we separate the nanodroplet into the
inside region having low energy and low entropy, and the sur-
face region with high energy and high entropy, which are rep-
resented by two solid lines. The average energy, entropy and
Helmholtz free energy of molecules of the ‘inside’ region and
the ‘surface’ region, presented respectively in (g) and (h),
shows that the interfacial energy contributes dominantly to
the reduced surface tension.
4(Fig. 3). Entropy is derived from the integration of the
density of states of molecules, which are obtained via the
Fourier transform of the velocity autocorrelation func-
tion. Formalism is established by the two-phase ther-
modynamics (2PT) model in calculating the entropy of
liquid molecules [28] (refer to Supplementary Informa-
tion for detailed information). Helmholtz free energy is
calculated by the relation F = E − TS. Figures 3(a)
- (f) show the probability distributions of E, S, and F
for the droplets of Rs = 0.45 nm and 1.5 nm. By di-
viding two regions across Rs, each nanodroplet is well
separated into the ‘inside’ region having low energy and
low entropy, and the ‘surface’ region with high energy
and high entropy. Figures 3(g) and (h) compile all the
thermodynamic quantities of water molecules in the in-
side and surface region as a function of nanodroplet ra-
dius, respectively. For example, the average Helmholtz
free energy of the surface molecules for Rs = 0.45 nm is
about 2 kJ/mol higher than that of Rs = 1.5 nm, which
evidences that the change of surface tension is associated
with the decrease of intermolecular interaction strength
of nanodroplets. Notice that the free energy change is
dominated by the energy, which compensates for the en-
tropy change that behaves oppositely.
Lastly, we address the molecular description in terms
of the relation between the configurational energy change
of nanodroplets and the change of HB network charac-
teristics (refer to Supplementary Information for detailed
information). Two water molecules are considered to be
connected via HB when (i) the distance between two
oxygen atoms is smaller than 0.35 nm and (ii) the an-
gle between hydrogen and donor-acceptor oxygen atoms
is smaller than 30◦ [29]. We represent the HB network
of nanodroplets by the adjacency matrix A, which is a
square symmetric matrix with elements of 1 if the molec-
ular pair (i, j) has an HB, and 0 if otherwise. Figure 4(a)
shows the change of average number of HB, NHB,avg, for
the inside as well as the surface molecules in comparison
to NHB,avg of Rs = 1.5 nm nanodroplet. We find that
the smaller nanodroplets have relatively smaller NHB,avg,
which is already expected by Figs. 3(g) and (h). The
disruption of the HB network shown in Fig. 4(a) can be
explained by the decreasing coordination number (Fig.
4(b)). Notice that these results are independent of the
choice of radius, which is still observed even if Re is used
instead ofRs (Supplementary Fig. 2). The overall change
of the HB network characteristics can be observed by the
clustering coefficient and cyclic number distribution of
the network presented in Figs. 4(c) and (d), respectively.
The clustering coefficient of the HB network is defined as
the probability that the two hydrogen-bonded neighbor-
ing molecules are connected via the HB and form a trian-
gular network. The cyclic number is defined as the num-
ber of edges connected in a closed HB loop in a network.
As shown, the nanodroplet network has a larger average
clustering coefficient and a smaller average cyclic num-
ber than the bulk water network, which demonstrates
that the nanodroplets are more structured than the bulk
FIG. 4. Hydrogen bond (HB) network analysis of nan-
odroplets. Change of (a) the average number of HB, ∆NHB,avg
and (b) the average coordination number with respect to those
of Rs = 1.5 nm nanodroplet. (c) Average clustering coeffi-
cients of HB networks of nanodroplets in the inside region
(blue) and in the surface region (red). Clustering coefficient
of the bulk water networks is drawn in black. (d) Probability
distributions of the cyclic number of HB networks of Rs =
0.45 nm (N = 32) and Rs = 1.5 nm (N = 512) nanodroplets.
Cyclic number distribution of the bulk water network is drawn
in black. Probability distributions of eigenvalues of the adja-
cency matrix associated with the HB networks of (e)Rs = 0.45
nm (N = 32) and (f) Rs = 1.5 nm (N = 512) nanodroplets.
water, and their structure is similar to that of the high-
density water or Ice-VII [30]. Moreover, from the eigen-
value spectra of A (Figs. 4(e) and (f)), one can observe
that the change of network structure is concentrated in
the local network topology with large eigenvalue of A (or
large number of HB), which shows that the disruptions
of HB networks are focused on the four or five HBs. Be-
cause of the large energy content of water HB, disruption
of the HB network directly leads to the increase of free
energy and the resulting decrease of surface tension.
As a conclusion, we emphasize that the above three
perspectives provide the unified understanding of the de-
creasing surface tension in terms of the decrease of in-
teraction strength (Fig. 2), an increase of energy (Fig.
3) and the decrease of HB number as well as the change
of HB network structure (Fig. 4) in the molecular-scale
nanodroplets. In particular, the large HB energy of water
(i) compensates the entropy change and (ii) dominates
the change of Helmholtz free energy and the change of
pressure imbalance.
In summary, we have demonstrated the curvature
dependence of surface tension from the perspectives
5of interfacial thermodynamics using the complementary
methods of MD and DFT simulations. We show that
the surface tension is a decreasing function of the inverse
radius of nanodroplets with the positive Tolman length.
Statistical analysis of the Helmholtz free energy of in-
dividual water molecules shows that the change of sur-
face tension is governed by the surface molecules having
higher free energy than that of the planar interface, which
is closely related to the disruption of the HB network at
the interface. Our results may trigger further theoretical
development for an accurate understanding of the nucle-
ation of nanoclusters at the molecular level. Moreover,
the thermodynamic approach presented here can be used
to study the chemically heterogenous interface where the
local energy varies at the nanoscale.
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MOLECULAR DYNAMICS SIMULATION AND SURFACE TENSION
We used the nanodroplets of N = 32 to N = 512 TIP4P/2005 water molecules [1]. The
O-H bonds length and the H-O-H angle of water molecules are constrained using the SHAKE
algorithm [2] with a relative tolerance of 10−5. We used the canonical ensemble, where the
total number of molecules N , the volume of the system V , and the temperature of the system
T are conserved. Temperature was controlled using the Nose-Hoover thermostat with a time
constant of 1 ps. The droplets were initially located in the center of simulation box under
periodic boundary conditions in every direction. We chose each length of cubic simulation
box as L = 20 nm, which is large enough to avoid any long-range electrostatic interactions
between the original and its periodic images. We employed the cut-off scheme for computing
both the Lennard-Jones and the Coulomb interactions without any further correction. The
cut-off length was set as 9.5 nm that is about half of the simulation cell length. The equations
of motion were integrated using the leap-frog algorithm at a time step of 1 fs. The position
of all the molecules were stored every 0.1 ps during 100 ns simulation and we collected 106
snapshots for analysis. All simulations were carried out with GROMACS 5.1.4 [3].
To obtain the surface tension of nanodroplet, we first calculate the pressure tensor of
system from the volume perturbation method (Detailed method is discussed in Pressure
Profiles section). Using the transverse and normal pressure tensor, we obtain the surface
tension γ from the Lovett’s expression as [4],
γ =
∫ ∞
0
dr [PN(r)− PT(r)] . (1)
Also the radius of the surface of tension Rs and the equimolar radius Re are determined,
respectively, by
Rs =
2γ
Pl
, (2)
Re
3 =
3
∆ρ
∫ ∞
0
drr2 [ρ (r)− ρv] , (3)
where Pl is the pressure at the center of droplets and ρv is the density of the bulk vapor.
To calculate the energy and entropy of water molecules using the two phase-themodynamics
(2PT) model, we carried out 1.6 ns additional simulation where the position and velocity
of all molecules are saved at every 4 fs. We then split the total trajectory into 103 sub-
trajectories with 1.6 ps length and obtain the average energy and density of states of every
single water molecules along each sub-trajectory.
2
DENSITY FUNCTIONAL THEORY AND SURFACE TENSION
In the density functional theory (DFT) formalism, the grand potential Ω [ρ (r)] corre-
sponding to the density profile ρ (r) is expressed as,
Ω [ρ (r)] = F [ρ (r)]− µ
∫
drρ (r) , (4)
where F is the Helmholtz free energy and µ is the chemical potential of the system. The
Helmholtz free energy, which is divided into the hard sphere reference energy and the dis-
persive energy term,
F [ρ (r)] = Fhs [ρ (r)] +
1
2
∫
dr
∫
dr′ρ (r) ρ (r′) Udisp (|r− r′|) , (5)
We used the mean field approach to calculate the dispersive energy term, which can be
modeled by the Lennard-Jones potential [5],
Udisp (r) =

− r ≤ rmin,
4
[(
σ
r
)12 − (σ
r
)6]
rmin < r < rc,
0 r > rc,
(6)
where σ is the diameter of the liquid molecule and rmin = 2
1/6σ, rc = 5σ. To calculate the
free energy of a hard sphere contribution in Eq. 7, we used the Carnahan-Starling form [6],
Fhs (ρ) = kBTρln (ρ) + kBTρ
(4η − 3η2)
(1− η)2 , (7)
where η is defined as η = (pi/6) ρσ3. In general, the density profile of the equilibrium system
can be obtained by finding the minimum value of the grand potential for which the functional
derivative of Eq. 4 becomes zero, so that
µ =
δFhs [ρ (r)]
δρ (r)
+
∫
dr′ρ (r′) Udisp (|r− r′|) . (8)
The initial density profile of nanodroplet was located in the center of closed canonical
system and was updated via Picard iteration until the system reaches the minimum free
energy state [7].
We obtain the surface tension γ(Rs) from the grand potential and the corresponding
pressure of the system:
3
∆Ω = −4pi∆P
3
R3s + 4piR
2
sγ (Rs) , (9)
where ∆Ω = Ω + PvV and ∆P = Pl − Pv. The radius of the surface of tension Rs is then
obtained from its definition dγ/dR|R=Rs = 0 as,
Rs
3 =
3∆Ω
2pi∆P
. (10)
Notice that the equimolar radius Re can be obtained by the same equation as in the MD
simulation (Eq. 3).
All the DFT calculations were performed using the home-made code implemented by the
C language.
PRESSURE PROFILES
To calculate the normal (PN(r)) and tangential (PT(r)) components of the radial pressure
tensor (P (r)), we used the volume perturbation method [8]. We first compute P (r) by the
relation,
P (r) = ρ(r)kBT −
〈
∂U(r)
∂V (r)
〉
NV T
, (11)
where ρ(r) is the radial density profile, U(r) is the radial potential energy profile and V (r)
is the radial profile of the spherical shell. Equation 11 shows that the local pressure is
the summation of the local-density energy and the potential energy change with respect
to change of volume [9]. To change the volume of the spherical nanodroplet, compressing
and expanding from a reference state (0) to a perturbed state (1) are used according to the
isotropic transformation of the center of mass: rCM → (1 + ξ)rCM. Using this approach, Eq.
11 can be rewritten as,
P (r) = ρ(r)kBT − lim
ξ→0
〈
U1(r)− U0(r)
V 1(r)− V 0(r)
〉
NV T
, (12)
where the rescaled volume of the spherical shell is V 1(r) = (1 + ξ)3V 0(r). The perturbation
of the spherical system is defined as volume compression (ξ < 0) or volume expansion (ξ > 0)
from a reference state (0) to a perturbed state (1) according to the isotropic transformation
of the center of mass; rCM → (1 + ξ)rCM. The calculation of local elements of the pressure
tensor is carried out by averaging the values of two perturbed states. The ensemble average is
then performed over the configurations of the reference system 0, for which we use ξ = 10−5.
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To decompose P (r) into PN(r) and PT(r), we used the mechanical equilibrium condition
of spherical geometry [10],
P (r) =
1
3
PN(r) +
2
3
PT(r), (13)
PT(r) = PN(r) +
r
2
dPN(r)
dr
. (14)
Combining Eq. 13 and Eq. 14, we then obtain PN(r) as,
PN(r) =
1
r3
∫ r
0
3r′2P (r′)dr′, (15)
for which PT(r) can be calculated from Eq. 14.
TWO-PHASE THERMODYNAMICS MODEL
We compute the entropy of water molecules by integrating the density of states (DoS)
using the two-phase thermodynamics (2PT) model, which was first introduced by Lin et al.
[11]. The 2PT model considers the liquid system as the sum of diffusive gas-like component
and solid-like harmonic spring component. We first calculate the DoS from the Fourier
transformation of the velocity autocorrelation function as,
g(ν) = lim
τ→∞
∫ τ
−τ
C(t)exp(−i2piνt), (16)
where C(t) is the autocorrelation function, defined by,
C(t) =
∑
j
lim
τ→∞
1
2τ
∫ τ
−τ
dt′vj(t+ t′)vj(t). (17)
When the system is solid-like, harmonic oscillation dominates the mode of dynamics while
diffusion is neglected. However, the DoS of liquid has a non-zero value of diffusional com-
ponents DoS(0), which leads to incorrect entropy evaluation when one considers the system
of liquid molecules only as the sum of harmonic oscillators. To avoid this problem, DoS is
decomposed into diffusive gas-like and harmonic solid-like components,
g(ν) = gg(ν) + gs(ν), (18)
where gg(ν) is the diffusive component and gs(ν) is the harmonic component. Here, gg(ν)
is expressed as,
gg(ν) =
gg(0)
1 +
[
pigg(0)ν
6fN
]2 , (19)
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where f denotes the total degrees of freedom of the gas-like components, gg(0) is the DoS at
zero frequency, and N is the number of molecules. For polyatomic molecules (e.g., water),
the dynamics is decomposed into the translational, rotational and vibrational components
given by,
gi(ν) = gitrn(ν) + g
i
rot(ν) + g
i
vib(ν). (20)
Notice that gitrn(ν) is calculated from the translational velocities of the center of mass of
molecules, girot(ν) from the angular velocity of molecules, and g
i
vib(ν) from the intramolecular
vibrations. Here, givib(ν) = 0 because the rigid TIP4P/2005 water shows no intramolecular
vibration.
As a result, the entropy S can be obtained by the sum of four contributions,
S = Sgtrn + S
g
rot + S
s
trn + S
s
rot, (21)
and each component is expressed by integration of DoS with the weighting function,
Sij =
∫ ∞
0
dνgij(ν)W
i
j (ν), (22)
where i = {s, g} and j = {trn, rot}. Details of the weight functions can be found in work of
Lin et al. [11]
GRAPHICAL CONSTRUCTION OF HYDROGEN BOND NETWORK
We constructed a graph network based on the HB connection between water molecules.
The HB graph, GHB = (V,E), is composed of the vertices, V = {1, 2, ..., N} (or the set
of the molecular index) and the edges, E = {(i, j)} (or the set of the HB-connected pair).
Since GHB is the undirected simple graph, we can use the symmetric adjacency matrix A to
represent the graphical information such that,
Aij =

0 i = j,
1 i 6= j, if HB exists,
0 otherwise.
(23)
Here, two water molecules are considered to be connected via HB when (i) the distance
between two oxygen atoms are smaller than 0.35 nm and (ii) the angle between hydrogen
and donor-acceptor oxygen atoms is smaller than 30◦ [12]. A contains the informations of
6
V, E and is a format that facilitates graphical analysis. For example, the number of HB of
the i-th molecule, NHB(i), can be simply obtained by summation of the i-th row elements
of A.
The clustering coefficient of the HB network graph is defined as,
Cluster. Coeff.(i) =
∑
j∈Aij=1,k∈Aik=1
Ajk
NHB(i) (NHB(i)− 1) , (24)
where the clustering coefficient of molecule i represents the probability that the two molecules
j and k, which are hydrogen-bonded with i, are connected via the hydrogen bond and form
the triangular network. Notice that the smaller this value is, the closer it is to the random
network and therefore the structured network has a higher value. Here, the cyclic number
is defined as the number of edges connected in a closed HB loop in a network.
The topology of graph can be represented by the eigenvalues λi and eigenvectors li of the
square matrix A,
Ali = λili. (25)
By comparing the eigenvalues of two different graphs, we can analyze how similar the two
graphs are and where they differ. Large eigenvalue corresponds to the node with the high
NHB.
ACCURACY OF EQUATION OF SURFACE TENSION
In the main text, we derive the equation of surface tension, γ(Rs) = γ0−2γ0δ0/Rs+ks/R2s .
Here let us estimate quantitatively the accuracy of the equation with respect to the DFT
results. Figure 1 shows the accuracy and error between the DFT results at T ∗ = 0.53 and
predictions obtained by the equation up to three different orders; γ(Rs) = γ0, γ(Rs) =
γ0− 2γ0δ0/Rs and γ(Rs) = γ0− 2γ0δ0/Rs + ks/R2s . To quantify the error, we use the metric
Err = (γDFT − γEq.)/γDFT, where γDFT is derived by DFT and γEq is the prediction from
the equations. Figure 1 (b) shows that the equation γ(Rs) = γ0 − 2γ0δ0/Rs + ks/R2s has
a remarkable accuracy with Err < 0.5 %, in comparison with the other two lower-order
equations. It clearly demonstrates the importance of second order term for the accurate
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prediction of surface tension.
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FIG. 1. (a) Comparison and (b) error between the values of surface tension obtained by DFT,
γDFT, at T
∗ = 0.53 (dots) and those predicted by three equations of increasing orders, γ(Rs) = γ0,
γ(Rs) = γ0 − 2γ0δ0/Rs, and γ(Rs) = γ0 − 2γ0δ0/Rs + ks/R2s .
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FIG. 2. Hydrogen bond (HB) network analysis of nanodroplets in terms of the equimolar radius
Re. Change of (a) the average coordination number and (b) the average number of HB, ∆NHB,avg
with respect to those of N = 512 nanodroplet. (c) Average clustering coefficients of HB networks
of nanodroplets in the inside region (blue) and in the surface region (red). Clustering coefficient of
bulk water network is drawn for comparison. Here, we use the equimolar radius (Re) to divide the
inside and the surface region of nanodroplets, while we use the radius of surface of tension (Rs) in
the main text, as shown in Fig. 4. Since the results of the main text and the supplement show the
same tendency, we can conclude that the properties of HB of the surface and inside of nanodroplets
are hardly affected by the definition of the surface.
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